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This paper presents a one-sector optimal growth model with variable capacity
services and production externalities. It uses a new formulation of the endogenous
capital utilization rate in which utilization costs appear in the form of variable
maintenance expenses. I find that indeterminacy arises at approximate constant
returns to scale. This result challenges the viewpoint that indeterminacy is em-
pirically implausible. (JEL: E32)

1. Introduction

Much of the current discussion of indetermina-
cy in dynamic general equilibrium is based on
the assumption of market imperfection for ex-
ample stemming from increasing returns to
scale in production. These market defects make
the economy vulnerable to a pernicious type of
event known as sunspots. Sunspots represent
purely extraneous information which may affect
economic variables only because the public be-
lieves it does. These beliefs, unrelated to fun-
damentals, can induce the economy to undergo
fluctuations. However, the empirical support for
significant increasing returns that are needed to
generate indeterminacy is not strong.1 For in-

stance, Basu and Fernald (1997) suggest that
returns to scale are close to constant. Laitner
and Stolyarov (2004) report point estimates
ranging from 1.09 to 1.11. These numbers are
significantly smaller than existing indetermina-
cy models require. For example, Benhabib and
Farmer (1994) need increasing returns in excess
of 1.43.

The current essay presents a dynamic one-
sector representative agent economy which re-
quires insignificant increasing returns to scale
compatible with indeterminacy. The model in-
corporates a new formulation of endogenous
capital utilization taken from the sticky-price
model by Christiano, Eichenbaum and Evans
(2005). They promote a theory in which costs
that occur from increasing the utilization rate
arise in terms of a direct loss of output. One
may think of these costs as maintenance ex-
penses which no longer make available some
production for consumption and investment pur-
poses. Alternatively, the costs may represent re-
sources (physical output or time) used in reor-
ganizing the production process when its inten-

* I would like to thank Michael Burda, Berthold Her-
rendorf, Yi Wen, seminar participants at Johann Wolfgang
Goethe University Frankfurt and an anonymous referee for
helpful comments.

1 Benhabib and Farmer (1999) provides a lucid review
of indeterminacy. Certainly, in multisector-models indeter-
minacy is possible at small increasing returns, yet that mod-
el class typically fails to replicate a number of important
stylized (business cycle) facts.
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sity is boosted. I am able to show that with var-
iable capital utilization the level of returns to
scale needed for indeterminacy may be reduced
dramatically: the minimum scale economies are
essentially constant and amount to less than
1.003.

The model is related to Wen (1998) who also
extends the one-sector model by variable capac-
ity utilization. In that economy, more intense
capital services result in a larger depreciation
of the capital stock. Wen demonstrates that in-
determinacy can be obtained at increasing re-
turns to scale of 1.108. This stands in contrast
to Benhabib and Farmer’s (1994) one-sector
model with constant capital utilization. Howev-
er, both of these models need magnitudes of
scale economies that are not easily supported by
the empirical literature mentioned.

This paper proceeds as follows. Section 2
presents the model. The dynamics and indeter-
minacy conditions are discussed in Section 3.
Section 4 concludes.

2. The model

Let us assume a large number of identical pro-
ducer-consumers, indexed by i [0, 1]. Prefer-
ences depend on consumption, ci(t), and labor,
li(t), and, furthermore, the individual’s infinite-
horizon utility may be written

(1)

where is the nonnegative subjective rate of
time preference. I will concentrate on instanta-
neous utility being additively separable in con-
sumption and labor. Specifically, I assume the
following functional form:

The reason for frequently restricting utility to
the logarithmic case is that it is the only addi-
tively separable utility function consistent with
balanced growth: hours per capita are invariant
to the level of productivity.2 The second term
of (., .) implies that the agents’ utility func-
tion is linear in leisure, and this has become

fairly standard in the real business cycles liter-
ature.3 This assumption is also widely applied
in the indeterminacy camp and following suit
will make comparisons with existing models
apparent. If capital is subject to evaporative de-
cay at constant rate , then growth of the capi-
tal stock, ki(t), is specified by the differential
equation

(2)

where xi(t) denotes the household’s investment
expenditures.

The economy as a whole is affected by or-
ganizational synergies that cause the output of
an individual unit to be higher if all other units
in the economy are producing more. The pro-
duction complementarities are taken as given
for the individual optimizer and they cannot be
priced or traded. Hence, technology can be ex-
pressed by

(3)

Here yi(t) is output and ui(t) is the non-con-
stant rate of capital services. The term A(t) de-
notes aggregate externalities:

2 Along a balanced growth path, consumption and out-
put must grow at the same rate. For the more general peri-
od-utility function

the intratemporal optimality requires (see equation 6 be-
low) that

where the right hand side is labor productivity (which would
be (trend) increasing in a growing economy). Now, along
the growth path, this equation is fulfilled if and only if

'(c
i
(t)) = 1/c

i
(t): utility displays exactly offsetting income

and substitution effects of wage changes on labor supply
(see King, Plosser and Rebelo, 1988). Of course, if the util-
ity function is not additively separable, the respective re-
striction differs (see again King, Plosser and Rebelo, 1988).

3 The linearity may originate from indivisibilities in la-
bor supply (see for example Hansen, 1985).
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The variables k(t), u(t) and l(t) refer to econ-
omy-wide averages. Returns to scale in produc-
tion are measured by the parameter . Finally,
the agent’s resource constraint is

(4)

The function a(ui(t)) stands for the costs of
setting the utilization rate. The fact that this
function is assumed to be convex guarantees
that the agent’s maximization problem is con-
cave and has a unique solution. The formula-
tion follows Christiano et al. (2005). Costs that
occur from increasing the utilization rate arise
in terms of a direct loss of available output. In-
tensifying capital services results in a higher
output (the left hand side of equation (4)) but it
also reduces the amount of output that is avail-
able for consumption and investment purposes
(the right hand side of equation (4)). In addi-
tion to the constant capital depreciation rate, the
cost formulation is the main difference to Wen’s
(1998) specification. Unlike the Wen-economy,
the present model nests the standard model with
constant utilization (see below).

Given the assumptions on (explicit and im-
plicit) functional forms, (., .) and yi(t)–ci(t)–

ki(t)–a(ui(t))ki(t) are (strictly) concave in con-
sumption, labor, capital and the utilization rate.
The Hamiltonian for the problem may be de-
fined as

where i(t) is the multiplier associated with the
state variable ki(t).

3. Dynamics

Since all agents are identical, the economy-wide
averages of variables must be equal to the cor-
responding values of the individual economic
units in symmetric equilibrium. Then, the dy-

namics are given by the intratemporal condi-
tions

(5)

(6)

(7)

(8)

the dynamic relations

(9)

(10)

and the transversality condition

We have the following definition.

Definition 1 (Perfect foresight equilibrium) In
the economy, a perfect foresight equilibrium is
a sequence (k(t)‚ (t)) and an initial capital
stock k(0) > 0 satisfying (5) to (10) and the
transversality condition.

As can be seen in the Appendix to this pa-
per, the steady state utilization rate does not
appear in the linearized system of the model and
therefore must neither be calibrated nor restrict-
ed. As in Christiano et al. (2005), I normalize
u = 1 and set a(u) = 0 in steady state. Thus, the
costs do not occur when the economy is in its
stationary state – one therefore may think of the
steady state representing normal economic
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times and additional costs show up once output
is boosted beyond that level. The steady state
implies4

(11)

(12)

and

(13)

It is easily seen that this steady state is unique
given the model’s deep parameters, , , and :
(11) pins down the capital-output ratio. This can
be used to obtain a value for c/y (from 13). Fi-
nally, a unique value for x/k is determined by
(12).

The model does not have a closed form solu-
tion. Thus, I derive the local dynamics of the
model by taking a Taylor Series approximation
around the unique steady state. The steady state
conditions involve all terms needed to conduct
the linearization (the Appendix presents the
complete model). The exception comes with the
linear version of equation (7). Denote ln k(t)–
ln k by 6k(t) et cetera, then

which entails the term

This cost function elasticity contains three
parameter yet only u and a'(u) are determined
within the set of steady state conditions. Thus,

a remains a free parameter. The model’s local
dynamics boil down to the matrix differential
equation

(14)

where J denotes the 2 × 2 Jacobian matrix of
partial derivatives. Indeterminacy is defined as
follows.

Definition 2 (Indeterminacy of steady state) The
equilibrium is indeterminate if there exists an
infinite number of perfect foresight equilibrium
sequences.

The co-state variable (t) is a jump variable
and the capital stock is a state variable. Thus,
indeterminacy of the linear system (14) requires
that both eigenvalues of J have negative real
parts; the steady state is a sink. Since the trace
of the matrix is the sum of its eigenvalues and
the determinant is the product of the eigenval-
ues, indeterminacy can be restated as

Similarly, the steady state is saddle path sta-
ble if DetJ < 0 and it is unstable (a source) if

Translated into (14), indeterminacy implies
that (t) may jump at t = 0 to any of an infinite
number of stable equilibrium trajectories.

Throughout the remainder of the essay, I will
assume that the following holds:

Assumption The level of returns to scale aris-
ing from the  externalities  is  always  nonde-
creasing: 0. However, the level of increas-
ing returns  from all  sources  is  restricted  by :

(1 + ) < 1.
The assumption includes values of the exter-

nality that are empirically plausible given evi-
dence in Basu and Fernald (1997) and others.
For example, Burnside, Eichenbaum and Rebe-
lo (1995) suggest that when variable utilization
is considered as in the present model, the evi-
dence for increasing returns is weak. They re-
port a point estimate of 0.98, however, their
standard error of 0.34 is large. The assumption
also implies that increasing returns are not high
enough to induce endogenous growth.

Let us now focus on the analysis of indeter-
minacy in this economy. Let us start by check-
ing the determinant of J

4 The alert reader will note that the assumptions regard-
ing the cost function imply that below the steady state the
function becomes a benefit function. The Appendix discusses
the issue.
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to derive necessary conditions. In the absence
of externalities ( = 0), the equilibrium is a sad-
dle since the determinant implies one positive
eigenvalue

The minimum extent of increasing returns to
scale that is required to yield steady states oth-
er than a saddle is given by

which means that the denominator of DetJ be-
comes negative. It is clear that min is an in-
creasing function in a; it approaches zero as

a 0 and it becomes /(1– ) as a .
This upper level is the same as found in Harri-
son and Weder (2002, Proposition 1) and indi-
cates that the current model nests the Benhabib
and Farmer (1994) economy as a special case.
Economically, it implies that if adjusting capi-
tal utilization becomes more costly the model
needs a higher degree of externalities while still
obtaining indeterminacy (or a source). If the
costs approach infinity, the capital owners will
find it optimal to keep the rate of utilization
constant.

A further condition for indeterminacy is that
the trace of J

is negative. One readily sees that the trace’s
denominator is negative whenever DetJ is pos-
itive. Thus, indeterminacy requires that the
denominator of TrJ is positive. In fact, for all
non-negative , the trace is always negative
when

Otherwise, a necessary relation between min-
imum values of a and maximum increasing
returns for which the trace remains negative is

Again, it is clear that the maximum value of
is an increasing function in a; it approaches

zero as a  0. Note that, for a < /(  + ),
the two boundaries that enclose the indetermi-
nacy region satisfy

thus, for every admissible a there exists a for
which indeterminacy obtains. For a given de-
gree of increasing returns, the equilibrium
changes from source to indeterminacy to sad-
dle. Moreover, one can show that there exists a
threshold level at which the steady state chang-
es from sink to source, the eigenvalues are pure-
ly imaginary. This suggests the possibility of
Hopf bifurcations in which any trajectory that
diverges away from the completely unstable sta-
tionary state settles down to limit cycles or to
some more complicated attracting sets. Further-
more, at = (1– )/ the determinant of J is
zero going from positive to negative as returns
to scale increase. Thus, even larger externalities
than those considered do not yield indetermi-
nacy.

To understand the economic mechanism that
creates the continuum of solutions, consider the
following simple example. Suppose that at t = 0,
and in the presence of returns to scale and upon
increasingly optimistic expectations, (say, an
anticipated higher return to capital) the house-
hold will raise investment. This shifts the labor
supply curve outwards (i.e. downwards) with
the effect of higher employment. In the model,
this leads to higher capital utilization rates and
an outward shift of labor demand. This allows
today’s consumption to be expanded as well. In
any case, given sufficient increasing returns, the
household will find itself with an augmented
future capital stock as well as higher output,
capital utilization, hours and labor productivi-
ty: its initial optimistic expectations are self-ful-
filled. Yet, for this sunspot movement to be sta-
tionary, the economy must move back to its
steady state. Increasing output drives up utili-
zation costs which ultimately bring the expan-
sion to a halt. If adjusting capital utilization be-
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comes very costly – the parameter a is large –
then one needs a higher degree of externalities
while still obtaining indeterminacy: the bound-
ary is upward sloping curve in . However,
when

then for any magnitude of adjustment costs a,
one can find returns to scale that are too large
in the sense of the steady state becoming a sink.
This means that after some (small) pertubation
away from the steady state equilibrium, the en-
dogenous dynamics do not generate a stable tra-
jectory that brings the economy ultimately back
to its starting position; equilibria are nonstation-
ary. Yet, if the above inequality is not fulfilled,
the trace can never become positive in the ad-
missible parameter space and it appears that the
original Benhabib and Farmer (1994, a )
economy does not allow Hopf bifurcations.5

Finally, it is worthwhile to look at particular
numerical parameter constellations that imply
indeterminacy. Calibration is now routine in a
wide range of macroeconomic areas. Table 1
summarizes the calibration of the model’s deep
parameters. It is the same as in Wen (1998). The
value for is chosen such that the capital share
amounts to thirty per cent and the rate of capi-
tal depreciation is 2.5 per cent. The subjective
rate of time preference equals one per cent.

Two parameters remain uncalibrated in the
linearized model: the degree of increasing re-
turns and the elasticity of the utilization cost
function a. Christiano et al. (2005) do not cal-
ibrate the elasticity a but estimate it from data.
In particular, they compute a by minimizing a
distance measure between their model and em-
pirical impulse response functions. They ad-

vocate a value of a = 0.01. Their paper pro-
vides empirical evidence on the empirical plau-
sibility of their model’s implications for capac-
ity utilization. If we follow Christiano et al.
(2005), then indeterminacy arises at min =
0.00297915 and the model turns into a source
at max = 0.00308642. Increasing utilization
costs to, say a = 0.1, raises min to 0.0280374
and max = 0.0416667. Moreover, by letting a

approach infinity (i.e. the model collapses into
the Benhabib-Farmer, 1994, economy with a
constant utilization rate) the minimum returns
to scale become 1.428571. Overall, in the
present artificial economy increasing returns
that are consistent with indeterminacy are sig-
nificantly lower than those found in other one-
sector models, and, more importantly, the de-
gree of scale economies is empirically plausi-
ble.

Why does indeterminacy arise at lower in-
creasing returns than in other one-sector mod-
els? First of all, note that after a positive de-
mand shock (i.e. a pertubation of investment)
the reaction of the economy must be such as to
induce a higher return to capital. With constant
capital services, large increasing returns are
needed to produce such an upward trend of cap-
ital returns (Benhabib and Farmer, 1994). The
insight from Wen (1998) was that by making
utilization rates variable, the same effect occurs
at lower increasing returns since a rise of u(t)
shifts the capital returns schedule outwards en-
dogenously.

What is the reason for the present economy’s
need for much lower increasing returns than
Wen’s? Both model arrangements consist of
costs that prevent the service rate from going
to infinity. In Wen (1998) this is done by mak-
ing the rate of capital depreciation variable. The
effect is reducing the future capital stock as well
as future output and thereby working against the
indeterminacy mechanism. The present model
operates via contemporaneous output losses.
Again, the mechanism is counteracting the in-
determinacy mechanism. Wen (1998) claims
that his model does not nest the Benhabib and
Farmer (1994) economy which is due to his re-
strictive assumptions on the depreciation func-
tion. That is, the relevant conditions imply (the
second lines are taken from Wen, 1998)

5 Recall that the determinant becomes negative for  >
(1– )/ . Coury and Wen (2001) find a related result in a
discrete-time version of the Benhabib and Farmer (1994)
model.
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(15)

and

Wen’s formulation does not allow to be cal-
ibrated  – in fact, this parameter is pinned down
by first-order conditions and the left hand side
of (15) becomes a relatively “steep function”
which pushes up the minimum increasing re-
turns.6 In an important sense, the Christiano et
al. (2005) definition of variable capital utiliza-
tion introduces a degree of freedom that enables

a to be calibrated from empirical studies.
Phrased alternatively, answering the above
question boils down to which of the counteract-
ing effects is weaker. I find that for low values
of a the current model obtains indeterminacy
at smaller returns to scale than Wen (1998).
When a rises to infinity, the economy ap-
proaches Benhabib-Farmer (1994) and mini-
mum returns to scale become implausibly large;
in effect, in this case the minimum returns are
larger than in Wen (1998). However, Christiano
et al. (2005) suggest that a is in fact close to
zero, hence the present indeterminacy-econo-
my’s need for only insignificant increasing re-
turns.

4. Conclusion

This paper has presented a one-sector business
cycle model with variable capacity utilization
and externalities that come from aggregate eco-
nomic activity. It uses a new formulation of the
endogenous capital utilization rate in which uti-
lization costs show up as maintenance expens-

es which no longer make available some pro-
duced output for consumption and investment
purposes. I find that indeterminacy arises at ap-
proximately constant returns to scale. The re-
sult challenges the viewpoint that indetermina-
cy is empirically implausible in real models.

5. Appendix

Log-linearizing yields the following static equa-
tions

The two dynamic equations are

The static equations can be combined to

and the dynamic equations yield

The model reduces to (14) with the Jacobian

The present model employs a general cost
function of capital utilization. Wen (1998) pro-
ceeds along a different way in calibrating en-
dogenous capital utilization: he picks utilization
costs via capital depreciation

6 Given Table 1's calibration the minimum returns to
scale are min = 0.09375001 in a continuous-time version
of Wen's model.
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Wen uses the first-order conditions for the
choice of steady state to determine . The dis-
advantage is that it remains unclear what em-
pirical fact the endogenously determined pa-
rameter is fitting – in fact, the empirical work
in Christiano et al. (2005) and others suggest
that the costs may be small.

The alert reader will note that the assump-
tions regarding the cost function, a(u(t)), imply
that below the steady state the function becomes
a benefit function. Replacing the formulation by
ã(u) = + a(u), > 0, is a natural alternative.
In this case, the steady state involves

and

The additional term, 
~
, does appear in the de-

terminant of J:

As is straightforward to see, the sign of the
determinant remains unaffected.
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